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Abstract Nei’s analysis of diversity at a diploid locus is
extended to a population subdivided into a large num-
ber of subpopulations. The diversities and the hetero-
zygotes frequency are defined with respect to the total
population and unbiasedly estimated in a two-stage
random cluster sampling. The fixation indices Fg, F;r
and Fg; are derived, then inter- and intra-population
variances of the estimated parameters are studied. We
show that there is a unique sample size per population
which yields the best accuracy in estimating Fg and Fg,
respectively, at a given locus. These results are illus-
trated with an analysis of DNA diversity in a forest tree
and compared to those obtained under the Hardy-
Weinberg assumption.
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Introduction

To describe the differentiation of populations, Wright
(1943,1951) introduced the fixations indices F g, F;rand
Fr defined in terms of correlations between two uniting
gametes within or between populations. Nei (1977)
showed that these parameters are related to an analysis
of the heterozygotes frequency based on the actual value
H, of this frequency in the total population and on its
expectation under Hardy-Weinberg equilibrium in the
total population (Hy, the total diversity) and in the
subpopulations (Hg, the average within-population di-
versity). This approach simply relies on the present state
of the subpopulations without any evolutionary model.
However, Nei’s definitions depend on a fixed number of
subpopulations, which is often regarded as restrictive for
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a population subdivided into a large number of sub-
populations.

In the latter case, the variability of genotype frequen-
cies among observed populations may be interpreted by
considering that these frequencies are random variables
and that the empirical frequencies are their realizations
in random populations. Thus, the observed populations
constitute a first level of sampling and the individuals
within populations a second level of sampling. In this
random setting, Pons and Petit (1994) generalized Nei’s
approach to the total population in the haploid case.
New paramters hg and h,, corresponding to the previous
Hg and H,, were defined for the total population. Esti-
mates of these parameters and of their sampling vari-
ance were proposed under assumptions similar to those
used in Nei and Roychoudhury (1973) and Nei (1987).
Then an optimal sampling size of the populations ensur-
ing the most accurate estimate of the differentiation
index G followed.

In the present paper, we consider the case of diploid
populations along the same lines. We extend Nei’s no-
tions of diversity and fixation indices to the total popu-
lation and we adapt the estimates which were defined by
Nei and Chesser (1983), for a fixed number of popula-
tions, to obtain unbiased estimates in the two-stage
random sampling. The variances of all the estimates are
developed in within-population variances and between-
population variances due to the random sampling of the
populations. Then the optimal sampling sizes of the
populations to obtain minimal variance of the estimate
of Fgr or Fg, respectively, are deduced. A numerical
example where h is close to hg is discussed.

Definition of diversity and differentiation indices

We consider a diploid population subdivided into inde-
pendent subpopulations in which I alleles 4, A,, ..., 4;
are segregating at a diploid locus. We assume that the
total number of populations and of individuals per
population are very large with respect to the observed



numbers, so that they are considered as infinity. We also
assume that the populations have sizes of the same order
and the same importance in the global population.
Otherwise, weights could be added to take account of
their respective sizes.

In the general population, the frequency of the geno-
type A;A; is denoted by P,;, and p;= P+ X;,,P;;/2 is
the frequency of the allele A In the k-th populatlon P
and p,; are similarly defined as the frequencies of the
genotype A;A; and of the allele A, For randomly se-
lected populatlons the Py;;s and py;s are considered as
random frequencies with means P;;=EP,; and
p;= Ep,,; in the total population and their variances
among the subpopulations are V,;,= E(P};) — P}, and
v; = E(p#;) — p?. Following Nei(1973) and Nei and Ches-
ser (1983), if the k-th population is considered as fixed,
we define its frequency of heterozygotes as

ZPku (1)

hoe=1~-

and its diversity as

=1-Yp} @

In the general population, these notion are generaliz-
ed in the same way as for haploid individuals (Pons and
Petit 1994), giving the mean frequency of heterozygotes
as

hO = 1 — ZPii (3)
the mean within-population diversity as hg = Eh,, 1.c.

hs=1=2(p} + vy, )

i

and the total diversity as

hTzl_ZpiZ_ (5)

The corresponding definitions in Nei and Chesser
(1983) concerned n fixed populations, Hy=n"'X,h,,
Hy=n"'Y h,and H,=1—X,p2 wherep,=n"1%,p,
is the average frequency of allele i over the n observed
populations. If the P,;; were directly observed, they
would be estimates of our parameters; however, the
difference of view point leads to different unbiased esti-
mations of the total diversities.

Nei’s fixation indices are extended as functions of (3),
(4) and (5) according to his definitions (Nei 1977):

Frs=1—ho/hs
Fip=1—ho/hy
For=1—hs/hr.
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Estimation

Since the actual frequencies and their variances among
populations are not observed, we have to estimate the
previous parameters from empirical frequencies. A two-
stage random cluster sampling is used for that prupose:
n independent populations are drawn with the same
probability in the general population, then n, individ-
uals are drawn independently and uniformly from the
k-th population. In the k-th population, n,;; denotes the
number of individuals having the genotype 4,4,
X ;= My;/m is the empirical frequency of this genotype
and Xy = X+ X, X),/2 1s the empirical frequency of
alleleifori, j < I, k <n.Asin Neiand Chesser (1983), we
assume that the random vector (m,;);; of length I” has a
multinomial distribution .# [ny, (Py; J)l ;1 within the k-th
population. The expectation with respect to this multi-
nomial distribution, and conditionally on the k-the
population, is denoted by E, and E??? is the expectation
conditionally on the n sampled populations.

In the k-th population, the heterozygotes frequency
(1) is unbiasedly estimated by

EOk =1- Zini'

in terms of the X, s,

Using an expansion of xZ kifSs

j=1,...,1, and the moments of these variables under
the multinomial distribution (see Appendix), we get
n,—1 h
1 =Y Eexy=——h + 5%
zi: kX ki n, et 2n,

and Nei and Chesser’s unbiased estimate of the diversity
of the k-th population (2) is deduced as

L . 2_@
hk_nk——1<1 Zi:xki 2nk>. (6)

In the global population, unbiased estimates of h, (3)
and hg (4) follow as

Z o ™

Note that if i =n(Z.n, ') ! is the harmonic mean of
the n,s, the estimate (i — 1) (1 — n™'Z,,x2 — hy/27)
of hg proposed by Nei and Chesser (1983) is unbiased for
random populations but (8) will be prefered because of
the homogeneity of the estimates.

The total diversity Ay (5) depends only on the mean
allelic frequencies and not on the individuals within
populations; the estimate that we previously defined for
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haploid individuals still holds. If x, =n"*Z, x,,, then

ZX + Z(‘xkl .i

T—l

=[nn—1)1"" z <1 - Z xkixk’i> ©)

k#k

is an unbiased estimate of h; since the populations are
assumed to be independent.

Estimates of the fixation indices are deduced by
introducing the corresponding estimates of the diversi-
ties in their definitions, similarly to (12), (13) and (14) in
Nei and Chesser (1983).

Variance of the estimates

For each parameter, the distance between the estimate
and the parameter is the sum of within-population and
between-population variations in the two-stage random
sampling. If the populations were considered as fixed,
the second term would be zero and the variance of the
estimates would reduce to a within-population variance.
Otherwise, the between-population variance of the esti-
mates is of the order n~* and the within-population
variances are also of the order n~ ' with respect to n, but
italso depends on the n; 's. We therefore consider that n
is large in order to reduce the variance of the estimates.
For hy, this decomposition yields

~

Var(hg) 2ZEVark o) + 1 Var(hy).

For each k, Var(hy,) =X, Var(P;) + Z;.; Cov(Py;, Py,

which is denoted as Vy; Var,(hy,) is obtained from the

multinomial distribution Var, (hy,) = ny P hoy(1 — o). It
follows that Var(h,) is the sum of the within-population
and between-population variances

Var, () = nl[h (1= ho) = V),

v
Varmter(ho) = 70 M

As in the haploid case, the variance of ils is the sum of
within-population and between-population variances

Var(hg) =n~2Y EVar () +n~Var(hy);
k

where the h,s are independent and identically distrib-
uted variables then

Varinter(ﬁs) =n ! Var(hk) =n" ! [E <2p51>2 - (1 - hS)Z:I'

Using the moments of the multinomial distribution (see
_Appendix), the variance of ki, within the k-th population
is

~ 1 2
Var,(h) = ————1 2(3—2ny) Zpl%i
n(m,—1) ;
+(n,—2) <22p£i + 2zpl%ipkii

+ Z pkipijkiJ> <Zpkl + ZPm)

i#j
+ zpklpku + Z Pkt]j|
1#}

and the within-population variance of h follows as
Varzntra(h ) - n_zEVark(hk)
The variance of h is defined from (5) and (9) as

2
xklel

{2 T E [;(p, _— T

k#1

Var (ET)

=nz(n; [ZZ(A

k#l i

n

+4ZEZ

xklxll p xk]xl])
kIl # ij

It splits into within- and between-population terms
leading to the following approximations,

ﬁ<2ZZc?j+4nZZcﬁpipj)

Varmter(hT) =
4 -2
zﬁzzcijpipj +0(n™%),
i

Varintra(ilT) ni |:z Di pJPU +3 Zpl (p +Pu)

i#j
—4) pipsle;+ pipj)] +0(n™?%,
ij

and Var(ﬁT) is approximated by their sum.

Variances of the fixation indices

The fixation indices are deﬁned by two h parameters (A,
hg or hy) on the form 1 — h,/h,, where the estimates h
and h of h, and h, are dependent. Their variance is then
approx1mated on the form

Var(h,) Y Cov(hy, h,) 2 Var(h,)




which requires an analytic expression of the covariance
between the h parameters. Moreover, similar results
hold for the within- and between-population variances,
where the variances and covariance are simply replaced
by the corresponding within- and between-population
terms.

From (8), (9) and by independence of the populations,

-~ 2 1 ~
Cou(hg, hy) = H[hs(l —hy)— 'ﬁ;piE(hkxki)i|; (11)

multinomial formulae then allow a closed form develop-
ment of the last expectation and provides the expression
of the covariance between hg and ki as the sum of the
two following covariances:

Cov,

mter

|:Zpl pklpk] (1_hS)(1 _hT):|7
~ o~ 2 N
Covintra(hsa hT) = ;’l—ﬁ _22p1E(pk1pk])
ij

+3 Zp; kaPku)

U

cxnfnfnr )]}

Since fzo andjls are respectively the means of indepen-
dent variables h,, and h,,

~

Cov(hg, hg) = ZZECOUk hop hy) +n~ 1 Cov(hgy, hy)

and the terms of the right member are equal to

[ZE(pI%LPkH (1—h0)(1—hg):l,and

Covpa(g, i) =

mtra

|:ZEQ)k1Pkn) ZE(pkz kjj :I

For the covariance between ki, and hy, note that a
formula similar to (11) also holds

PN 2
Cov(fo, hr) = ;[ ol = hr) - —ZplE(hkak»] (12
which develops as the sum of
lnter(h07 h I:zp E(pklijj) (1 - hO) (1 - hT)]:

and

ouintra(iloﬂ ET) ] I:Z plPl ZplE(pksz}]):I

&)
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Estimation of the variances
Because h, and hg are empirical means, their total

variances are unbiasedly estimated by the correspond-
ing empirical variances,

-~

Var(h,) =~ (n ;
Var(h Z

k

and the variance of fi, has the same consistent estimate
as in the haploid case,

Var (h

lesz(xkl (xk] x.j)'

Estimation of the between-population variances are
obtained by estimating the parameters which appear in
their expressions, and the estimates of the within-popu-
lation variances are deduced by difference from the
estimated total variances. For Varmte,(ho) we use the

unbiased estimates of C;;= Cov(Py;, P;;) and
Vi=Var(Py)if i#],

~ 1 1

= Xui— X, -
Cl} n— 1;( kii . )( kjj = i na nk—l
o1 1o Xl X — 1)
Vi= X, —X PNk

i n—lg( kii .u) +n; l’lk—l s

with the notation X ,,=n"'%X X, for i, j=1,...,1,

| iy djT k<M kij
which yields
Var,,..(hy) = 1 Y X — X ) (X — X )
inter\"*0 _n(n—l)kij kil i kjj Ji
Xkllej] kii
n2kzu nzgnk

For Var,,..(hs) we need an unbiased estimate of
S = E[(2;p%)*] and it can be defined as n~* X, S, where
S, is an estimate of (X;pZ) defined in the Appendix from
the multinomial distribution. Then

~ 111w & - A
Var e, (hs) = El:;l Z S, —(1—he* + Va”(hs):l-
%
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Estimation of Var,,,,(h;) requires estimation of the
parameters  ¢;= Cov(py, p;)) for i#j and

¢; =v; = Var(p,,). These estimates differ from those ob-
tained in the haploid case, so we now have
. 1
Gy = n—1 z(xki —x ) (% — X))
3

1 1 Xy
R 1 1
Vi= 1;(9%"”36 ) +—§nk_1

1 1
X |:xki (xki - E) ) ini:l:

and a consistent estimate of Var,,,,(hy) derives as

N 4
. — A
Var = § X ;X . Cije
Lty

inter(hT)

Estimation of the variances of the fixation indices

Estimates of the total and within- or between-popula-
tion variances of the fixations indices are deduced from
(10) by replacing each term by an unbiased estimate.
Thus we also have to estimate the total and between-
population covariances of the h parameters. From (11)
and the similar (12)

(]

Moreover, the covariance between ki, and hg is es-
timated by the empirical covariance based on the vari-
able hy, and h,,

A -~

Z (how — ho) (B, — ig).
k

Cov(hy, hg) =

For the between-population covariances, we use the
following unbiased estimates of s, =X,;p,E(p;pi),
s, =2, E(pEP;) and s3=X,;p,E(py; Py;;), which are

built from the multi nomial distribution,

.1 1 X
T 1%(;%— 1)(nk—2)<x'i—7>

X {nl%xkilegj — M [ X (Xp; + X i/ 2)]
J

n
- fz[xki(xkj + ijj) + X X 5] + (X + ini)} s
J

A n
5= Z—_z){nl%%;xl%iijj—?k

nklj(nk

2
X |:2Xku + <Zini> + 4Zxkiini} + 2Zini}7

1 1 X
= m;(nk—_l)<xl _”ﬁ‘> (nkxki;ijj - ini)'

Then the between-population covariances of the pa-
rameters are unbiasedly estimated by expressions of the
same form,

5%
w

Optimal sampling designs

In the haploid case, Pons and Petit (1994) proposed an
optimal sampling size of all the populations (1, =i for
each k) such that the variance of a preliminary estimate
F¢r is minimal for a fixed number of individuals to
analyse, nii. This solution can be adapted here for the
indices Fgr and F g according to the decomposition of
their variance as the sum of expressions of the form (10)
for within- and between populations. For both F = F¢p
or Fyg, of form 1 — hy/h,, under an equal size 7i for all the
populations, Var(F) is approximated by

~ B 1 . .
(13)
and
P A—C+D—-E
" A- JAC—D+E)

where A = nVar,,,(F), which is a constant for F,g and
tends to a constant as n increases for Fg, because of the



approximation in Varmm( ) B—nn[( Jho) Var,,,.,
(hy,) — 2(hy/h, )COV,ipalhy, hy)1/h3 is a constant for Fgp
and Fg the other terms are the coefficients of
(3 —-2m) /7@ — 1), (A—2)/fi(fi — 1) and 1/7i(7i — 1) which

appear in Var,,,.,(hs). Denoting

2
c= 2E<zpl%l> 3

d E<2zpkl + 2ZpklPkll + Z pklpkj ku):

i#j

< Zpkl +22pk1Pkn +2ZPku +3 Z Pku)a

l#J

for Fg; we have C = c¢/h%, D =d/h% and E = e/h%, and
for F ;5 we have C = ché/hg‘, D = dhj/hg and E = ehz/h4

Thus, both criteria of minimal variance of Fy; and
Fslead to solutions nopt(F <) and nop,(F rs) which do not
depend on the total number of individuals to analyse.
This is not the same for £, since each intra-population
variance or covariance appearing in the decomposition
of Var(F,;) is of the order (nfi)~*. In that case, the
greatest number of populations prov1des the smallest
variance of F, if nl is fixed.

The optimal sizes napt(F sr) and 7, (Fs) may be
estimated from a large enough preliminary sample: un-
biased estimates of the constants d and e are

12( ! )Ii"1%<2le§z + 2ZxI%iini

n — 1) (n,

d=

+ Z xkixijkij> - nk<52xl%i + 6Zxkiini

i#j

+ ZX,m +3 X,%ij/4> +32- nk)],

i#j

é\:%l_z l:nk<2ZX /2+2Zxk1Xku+ZXk”
k

) 3+ 5%0,(/2},
i#]

+ ZXli

and ¢ derives from the estimate of E(Z, p,“)2 given in the
Appendix. The correspondmg C,D and E may be de-
finedas C = ¢/h2, D=d/h2 and E = é/h% for F¢y and the
analogous formulae with the coefficient h 2/ for Fig.

Estimation under the Hardy-Weinberg equilibrium

Although the diversities in the populations are defined
as the Hardy-Weinberg expectation of heterozygosity,
the above estimates do not take this assumption into
account. Under the Hardy-Weinberg assumption,
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ho, = hy for each k and the estimate of h, simplifies as

~ 2n
AW _ k V2
e _2nk—1<1 ;xk‘>’

which is similar to the estimate obtained for haploid
individuals but with 2#n, observed alleles instead of n,.
This has to be related to the fact that under the Hardy-
Weinberg assumption, and conditionally on the k-th
population, the number of alleles of the different types
(ny); =(n,x,;); have the multinomial distribution
A 21y, (p;);]- An estimate of hg is deduced as

2n
hHW _Zznk_kl(l—lefi>,

but the estimate of h, remains unchanged under the
Hardy-Weinberg assumption with random popula-
tions, contrary to the case of fixed populations (Nei and
Chesser 1983).

Since the distribution of the x,;s is now the same as
that considered in a haploid population (Pons and Petit
1994), the variances of hg, h,and G are similar to those
obtained in that case; but everywhere for the k-th popu-
lation the number n, of observed haploid individuals has
to be replaced by the total number of observed alleles,
2ny,.

Numerical example

To illustrate the results of this paper, we consider a data
set from a large study of gene diversity in the sessile oak
[ Quercus petraea (Matt.) Liebl] in Europe using several
isozyme markers. Sessile oak is a diploid, hermaphro-
dite and allogamous, wind-pollinated deciduous tree
species. A preliminary study of 18 populations has
already been published (Zanetto et al. 1993). Since then,
the sample size has greatly increased and we selected a
single locus (acid phosphatase, EC no.3.1.3.2) and a
total of 81 populations sampled over most of the Euro-
pean range of this species. A total of five alleles were
detected at this locus; alleles 2 and 4 are largely predomi-
nant, and genotypes 2 2, 2 4 and 4 4 make up 98.3% of
all the genotypes found. The arithmetic and harmonic
mean number of genotypes per population were respect-
ively 114.6 and 112.4.

We compare the estimates proposed in this paper for
diploid individuals with the “haploid” estimates ob-
tained under the Hardy-Weinberg equilibrium, as de-
fined in Pons and Petit (1994). The estimates obtained
by both methods are generally very close (Table 1) but
with some differences in the decomposition of the
vairances and covariances into within- and between-
population terms (Tables 2 and 3). Owing to a large
number of individuals per population, the variances and
covariances of the estimates are very small, but for F g
and F;, they are larger than the others and quite similar.
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Table 1 Comparison of the

estimates ho hs hy Fgr Frs Fir
Haploid 0.494611 0.509333 0.028904
Diploid 0.48506 0.494646 0.509333 0.028836 0.019407 0.047683
Table 2 Variances of the
estimates x 108 he hs hy Fgr Fis Frp
Total Haploid 10.81 2.16 52.24
variance Diploid 56.42 10.84 2.16 52.53 220.89 224.23
Variance, Haploid 891 1.73 47.60
inter Diploid 29.22 8.95 1.56 49.69 123.54 122.82
Variance, Haploid 1.89 0.44 4.63
intra Diploid 27.21 1.89 0.60 5.97 97.36 101.41

Table 3 Covariances of the estimates x 108

Covlhs, hy)  Couvlhg, hs)  Covlhg, hy)
Total Haploid —0.36
covariance  Diploid —0.38 6.53 0.12
Covariance, Haploid —-0.93
inter Diploid —0.98 4.80 —-0.36
Covariance, Haploid 0.57
intra Diploid 0.59 1.73 0.47

The variance due to sampling within populations is
lower than the variance due to the population samplmg
for h and hT, where the within- populat1on variance
accounts for about 20% of the total variance, and
particularly for Fgy, with a ratio of about 10%. By
contrast, the partial variances of iy, F,gand F; respect-
ively, are of the same order.

The optimal sampling sizes for the minimal variance
of Fy, are respectively estimated by 12.04 diploid indi-
viduals and 22.55 alleles under the Hardy-Weinberg
assumption, corresponding approximately to 11 indi-
viduals. For Fig, the optimal size is estimated by 8.13
individuals, which differs from the value of 12.04 for Fgy;
this is not surprising since we now consider another
criterion. All these values are very small when compared
to the sampling used in most studies of gene diversity, as
we already emphasized in Pons and Petit (1994) for a
haploid locus. In this case, we related the small optimal
size l,,, obtained for estimating the differentiation Gy
to the low within-population variance of Gg;. More-
over, it appeared through simulations that, with #
sampled individuals per population, Var,,,.(Gs)=
Var,,.,(Ggr) which corresponds to the optimal sampling
strategy proposed by Nei and Roychoudhury (1973).
The same conclusions still hold for Fg, but not for F g
the optlmal size nopt(F 1s) 18 much smaller than the
observed 7 but the estimated within- and between-
population variances are almost equal, and clearly
Varm,m(GST) becomes larger than Var,,,(Gsr) with

fl,p:(Frs) sampled individuals per population. So the
respectlve importance of the within- and between-popu-

opt

lation variances does not allow one to determine the
sampling size which minimizes the variance of s,

Asin Pons and Petit (1994), the expression f (s, 1) (13)
can be used to describe the evolution of the variance of
Fypand F g, respectively, as a function of the number of
sampled individuals per population or as a function of
the number of sampled populations. The corresponding
curves are similar to those obtained for Gg; in the
haploid case. For each locus considered, a comparison
of the curves relating to Fg; and Fg allows us to
ascertain how far the two sampling strategies agree or
disagree, and to compound graphically when a precise
estimation of both Fg, and F4 is required.

Since F 4 is close to zero, it is interesting to test the
hypothesis “F ;= 0" or, equlvalently, “ho = hg”. Several
authors recommend a Xz test based on F,; however, it is
not clear how to perform such a test since they do not
estimate the variance of F as it is necessary to normal-
ize such a statistic. A simpler test of the hypothesis
“ho=hs” can be based on the convergence of
\/n — ho, hs— hg) to a bivariate Gaussian variable
with zero means. Hence, the statistic

]710 - ils
{(Var(h) + Var(hg) — 2 Cov(hy, hg)} 11

U(hoa hS) =

tends to a standard Gaussian variable under the null
hypothesis and otherwise tends to infinity. Note thatitis
easily calculated from the data and the test can be
performed before the estimation of the other variances.
Here, we get U(hg, hg) = — 1.304 and the Hardy-Wein-
berg assumption may be considered as a good approxi-
mation when estimating the diversities and the differen-
tiation index F ;. The variances of the estimates are then
simpler to calculate though the results are very similar.

In the same way, a test of the hypothesis “Fgp = 07, or
equivalently “hy = hs”, is based on the statistic U (hy, hg)
where h replaces ho in the expression of U (h,, hg). Now
Ulhy, hs) 3.97 which has to be compared to the Gaus-
sian quantiles; h; and hg are therefore significantly
different.
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Appendix
Multinomial moments

Under the assumption of a multinomial distribution for the number
of individuals of each genotype, the moments of the random vector
X, =(X;);; of length I may be calculated conditionally on the k-th
populatzlon For distinct sets of indices (4, ), (#, v) and (a, b) in
1,...,I%,

Ek(XI%ij) =[(n, ~ I)Plfij + Pkij]/nk

Ey(X3) =[(ne— 1) (m — 2)Pyy; + 3(n, — )Py + Py /ms
E(Xi) =T, — 1) (m,— 2)(m, — 3)Py;
+6(n— 1) (m, — 2) Py

+7(m, — 1) Py + Pyfl/mg

Ek(inijuu) = (1, — I)Pkiijuu/nb

which generalizes, for the product of L distinct variables, into

By Xyap) = Ticp (my— 1) Py
Eu(Xie X ) = (1, — D) Py Py, [0 — 2) Py + 11/
E(Xi0; X = (0 — D P, Py [, — 2) (= 3) Py P,
+(,— Py + Ppo) + 11/}
El(Xiy X ) = (4 = D) Py Py, [ — 2) (e — 3) Py
+3(m,— 2) Py + 1/m;
E( X X o X ) = (g = 1) (= 2) Py Py Py (10— 3) Py + 11/

Moments of the empirical frequencies of the alleles

The moments of the random vector x, = (x;,;),.; are deduced by an
expansion of the x,, in terms of the X5, j=1,...,I. We also needed
to use some moments of the x,;s and X,s. For 1nstance if i#j we get

2 ny — 1 2 1
Expy=——pu+ “Z—(Pki + Py
k iy
E (x);x )— 1p Dy + s
ki Vkj. kit’kj 4nk
m—1 P
E (X ) = k D P +— .
e K
m—1
Ek(xkiijj) =—pPy;
-1 P,
Ek(xleklj) pkzpku +_2_U
08

129

(me—D(n,—2) m—1
k(xkixlfj): £ 2 - pkiplfj_’_ £ 7 E0(Pr; + Prjp) + P Pri]
i 2n;
Pk"
+_'J
8n2
(n,—1}(n,—2) 3(n,—1) 1
Ek(xii) = 2 - Plfz * 5 PrilPii + Pris) + 5200 + 3 Py))
n 2my 4n;
(= D=2 =3) , | 33— D, —~2)
Ek(x:i)_ £ 2 : p:i'l' £ 2 - (pl:ji+pkiPkii)
K %

n—1/7 3 9
+—“—k < P+ Pl%u + Pkqu:) (TP + P
n 8my

47Ty 2

(m.— Dy — 2) (ny, — 3)

— 1) —2)

2 2

2 2
Ep(xgxiy) = 3
iy

1
X {E[plfi(pkj + ijj) + plfj(pki +Pyi)] +pkipijki1} +T

DyiPy;j B

k

(m,—1)

k

1 1
x [(Pkii“i“z Z Pkil> <Pk”+ Z ijh) + - Pku(Pla +ka)

1#j 45z
1 P,
+—P2<- + kij
8 "”} 16n;
(. — 1) (m, — 2) m—1
Ek(ijjxlfi) =k—2"'—Pk”sz T3 ijj(pki + Py}
g 2n,
n,—1(n,—2) n,—1 1 5
Ek(inixii)z'L‘“zk—Pkiiplfi""k—z Prid 5 P + 5 P
. ng 2 2
1
+—2Pkii
n

k

Ek(z Xkuxkzxkj> w

i£j k

x |:2 Z Pri(pri —

Estimation of E(X;p})>

Z Pkijpkipkj +

itj k

1
Pku +- szu:| 2n2h0k‘

1¢J k

From the expression of E, x{; and Ekx,fix,fj, S, = (Z,p2)? is unbiasedly

estimated by

S = me(Zixe)’ _ 1

(m, — 1) (m, — 2) (m, — 3)

n—3

it~
<zpklpk” + 2zpk1 + 22 pklPkll + Z pklpk] klj)
i#j

1
_<nk—2>(nk—3)[<”"+

+ 3Zpkthu+ ZPku

+

1 -~
5) ;P;%i

(57«

+< Z P,WJ

1#1

1
4(n, — D) (n—2)(m, —

3)

B3 +1— EOk(znk +1)]
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where the estimates in this formula are deduced from the
previous moments. This entails

. 1 L\
= = Dy — 2y —3) [”’3 (2 ")

- n£<zx§iijj+2’Zx£i+zz X Xy + Z xkixijkij>
ij i i

i#j

1 9—-2n
+ nk<5 Zxkiini+§ZXfii+ 5 £

le%i

i

1 1 7 — -
—§ZX,fij+Zhgk> +Tn"hok +nk—6:|

i#]

and E(Z;p2)? is estimated by X, S, /n.
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